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Abstract. We develop a formalism for introduction of inelastic collision processes in the
Boltzmann equatien. This is equivalent to including participant species with internal degrees
of freedom. We consider a two-species mixture, where one of the particles has two allowed
internal energy states. We analyse the resulting evolution equations and find exact solutions for
interaction models associated with electron and neutron transport.

1. Introduction

The usual formulation of the Boltzmann equation considers particles without internal degrees
of freedom, consequently the scattering kernel must conserve the kinetic energy. The
possibility of internal structure in the colliding species has been introduced for the derivation
of transport properties of polyatomic gases. In this case, molecules in unequal quantum
states are treated as different species, and this results in a coupled set of equations equivalent
to that of a mixture of monoatomic gases [1]. However, there are physical situations
where point particles interact with composite systems. This is the problem of transport of
neutrons and electrons in gases. In this case many ad hoc equations have been proposed
to account for the inelastic contributions [2]. Inelastic scattering contributions, due to the
nuclear interaction, are important for high-energy neutrons leaving the collided nucleus in
an excited state, whereas for low-energy neutrons they are mainly given by kinetic-energy
transfer in the form of atomic or molecular excitation in gas media, or phonon production
in solid materials [3]. On the other hand, inelastic processes are important for electron
transport even at low energies, such as in swarm propagation in gases (4], or slowing down
of electrons beams in solids [5]. In the present paper we present a formal derivation of the
Boltzmann equation with inelastic processes, and we obtain solutions for simple models,
which simulate neutron or electron transport.

2. Boltzmann equation for inelastic collisions

We consider an inelastic reaction between a point particle A, with mass m,, and another,
B, with one possible excited state B*, and mass mz:

A+Beo A+ B (1

For simplicity we will not introduce the already known treatment of the elastic channels and
we will consider a single excited state. We call AE > 0 the difference of internal energy
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between the state B* and B, and denote:

M=m+my  pi=m/M  E=28E/p pa-M  g=v-uw|
.1 oo~ (2
Q= -(w-w) ge=@+eH? e =@ -H? cosx=Q-Q.

The cross sections for the direct J;;{(g, x} and reverse Iy reactions satisfy

Iy =1 3
(here azimuthal dependence could be included). The microreversibility conditions can be
writien [6]

2 2
gha(e. x) =U(g — E)%hs(g—, 0 2lnlgx) = ‘%mm. 0@

where U is the step function. Considering states B and B* as different species and labelling
species A, B and B* by the indices 1, 2 and 3, the kinetic equations for the reactions
indicated by (1) take the form

i vV f = LS B B ©)

8t
where the inelastic collision terms can be written

NS fo £ = [ dwof¥ ghate. 1)
X ]:fl (Ui + paw + 128 S¥) (s + praw ~ g SY) - f:(v)h(w)]
+fdwdf2'U(g ~€)glia(g. x)
X [ i+ o+ rag- ) fi(prv + g ~ g Q) ~ fiev) folw) |

©
Bifi, for il = f dw dSY U g — €)g e, X)

x [fa(uzv + g 112 S i (v + jw ~ pag ) — fr@) fi (w)]
BLfi, fon 3] = f dw dY 2113z, X)

x [fz(ﬂ-zv + 1w + 18+ fi(pev + wiw ~ 22 ) — fi(v) fi (w)] :

From here on we leave implicit the space and time variables. Typically the density of
electrons or neutrons propagating in gases is much smaller than the gas density and the
probability of neutron—neutron or electron—electron scattering is negligible, so that nonlinear
terms are not required in the transport equation. The elastic channels and sources can be
introduced in (5) adding the usual terms [7]. A loss term:

IPLf] = —Afs(w) @
and a gain term:
IPLf) = f dur Aw, @) () f Aw,w)dv =< A @®

could be added to (6} in the case that species B* is allowed to decay by an external
mechanism, e.g. natural emission of photons or 8 emission. When B* is a highly excited
state it can produce delayed neutrons in the nuclear case or Auger electrons in atoms. These
effects could be taken into account by additional terms in (5).
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3. General properties of inelastic scattering terms

From the relation
g dvdwdfY = g dv' dw' dS2 (9

expressing the Jacobian of the transformation from the pre-collisional to the post-collisional
velocities, we can show that

f dv 0y (W) 1 () = f dv dew &Y [U (g — €0 Ta(g, 1) () Filw)

[ (av + miw — pag-S¥) — pr(w)]
+g1i3(g, 1) @) i) o1 (o + piw — 22+ ) — o1 (w)]}

fdvqog(v).fz(v)=fdvdwdfl'fg(w){gln(g,x)fg(v)(pz(ugv+u1w+u1g+fl')
—U(g ~ €)glz(g, x) fa(w)p2 ()}
f dv @3(v) J3(v) = f dv dw d€Y' £, (w)

x{U (g — €)gha(g, x) fo(0)gs(tav + pyw + 1 g-5Y)
—ghalg, X) /(e ()}
and

3
> [ awa@ie) = [awdwd i
f=l

x Igfn(g' X () [svs (2w + pyw — p2g:£2 — o1 (w)

ooy + prw + g2 £Y) — soa(v)]

+U(g — )g12(g, ) f>0) [01(120 + p1w — 2g-$¥) - 1)

+o3 (v + prw + p1g-£Y) —wz(v)]]- (10)
By using these relations we obtain the Boltzmann inequality,

3
Zflnf,(v)J,-(v)dv = —fdvd&-‘dﬁ’gfta(g,x)
i=1

xIn [fz(uzv + 1w + 1882 (12t + pw — 128+ SV F(0) /i (w)]

X [fz(#z’v + pw + 118+ ) fi (v + puw — wag4 ) ~ fi(w) fi (w)]
<0 (1)

which determines a kind of Liapunov functional controlling the time evolution of the system,
and the conservation laws,

3
> [eP®itn puplav=0 k=012 (12)
i=]
where
o) =m, o () = myv P=1,2,3

WPy =mt2 oP@)=mp?2 P (v) = mv?/2+ AE.
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Defining
o= m,-ff,('v)dv Uy = MYy f fi(v)vde (13)

we integrate (5) to obtain the mass-density conservation equations:
/ot +V - (pu) =0

8p2/8t + V « (paug) = my f J(v)dv + Bps (14)

803/9t + V - (p3uz) = —my f J2(v)dv — A3

where we have introduced for species B* the alternative decay channel described above.
The momentum-conservation equations, for the space homogeneous case, read

(ou)/ot = m va;(v)d'v
3(p;u;)/8t=mgfv.fz(v) dv-l—mzfvdv[.f\(w. v) f3(w) dw (15)

d(puz)/dt = mzf'v.fg('v) dv — Apsus.
In the energy case we define a kinetic energy, associated with each species:

_ 2 _
K,-——Z—fv fidv and K—ZK.- (16)

and obtain, again in the space-homogeneous case,

ak,/dt = %fuzjl(u)du
8K,/0t = -’i;ifuz.fg(v)dv+ %fvzdv[!&(w,v)fg(w)dw amn
3Ks/3t = %%fuz.lg(v) dv — AK;.

From equation (12) with k =2,

aK Jat = —AE[J3(v}dv—AK3+ %ff;(v)dufum(v,u)dw. (18)

This equation accounts for the transformation of kinetic into internal energy, and can be
written as

3 AE AE

—(K + —p3) = —)\.(K;; + —p3) + " f f3(w) d'vfsz('U, w)dw .

at o ma 2

When decay is not allowed the right-hand side is zero and we obtain the total energy
conservation equation.

4. Explicit solutions for simple test cases

If the energy of the transported particles is larger than a few electron volts the thermal motion
of the target may be neglected and it can be considered at rest in the laboratory system.
Furthermore, inelastic atomic and nuclear reactions involve an energy transfer larger than
the thermal-motion kinetic energy. This case can be modelled assuming that species 2 is a
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background, at rest, with distribution function fx(r, v, t) = na(r, 1)8(v), i.e. a Maxwellian
equilibrium at low temperature. In the physical cases we have in mind, the mass of the
electron and neutron are smaller than that of the atoms and molecules in the medium, and
we can assume g, = 0. Compatibility between the respective evolution equations for f;
and f; requires that fi = n38(v) too, and ns(r, ¢) must be related to ny(r, t). The equation
for the light particles reads

8fifdt+v-Vifi= %f“ﬁl’lz(m,ﬁ-ﬁ')fl(mfl')dﬁ'

~

I. a A ~ ~
~ (v);f[nguil,zm, 8- )+ nal (v — ) (w2 - n'] a2

+n—;fU(v—e)vzfn_(v,Q-ﬁ')ﬁ(v-ﬁ’)dﬁ’ (19)

where vy = (v2 4+ €2)//? and v_ = (v? — €2)1/2. Futhermore, the transport of light particles
will not noticeably change an initial spatially homogeneous medium and r; and n; can
be considered as constants. Radiation damage could change the local structure of a solid
background, but without changing densities.

Equation (19) has a simple form when we consider a very hard particle interaction

model [8]:
v, ) =o(2-O) (20)

resulting in

aifor + v Vi = 22 f o @) fito+ ) aY = i+ mU 0 ~ A1)

+%3-U(v —s)fa(fz ) F_ ) dSY n

We will first consider electron propagation in a medivm. The cross section for inelastic
electron—atom scattering is strongly peaked in the forward direction {9], and assuming
o (1 V) =6,6(50+ ), where 0, = [ o (- ) dS¥, we obtain

af Lo Ve fi = 22 ) - D+ maU 0 - 10D

+30<v—e)f.(v . (22)

The angle & only remains as a parameter, since the motion direction of the particles in
the initial (or boundary) conditions is not changed by the assumed inelastic cross section.
This is the usual situation in electron-beam propagation where the angular dispersion of the
beam is mainly produced by elastic collisions [10]. We define a variable p measuring the
distance along a motion ray, such that

Q.Y =23/3p (23)
and
— 272 =
E—-—U/E (}S(f,s,f)—f](ﬂ,?,t) (24)
5= c:r;nz,a/e2 T = oht/e o =ny/nz.

It follows that
&”23"’ +s —q>($ +5s1) — (a4 UE - DIgE s 1) +UE ~ DedE—1,5,1).
(25)
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This equation can be solved exactly in both the cases of isotropic space-independent and
stationary distribution, Writing 8 = 7/£'/2 in the first case and 6 = 5/§ in the second, the
solution is

$(£.0) = Zj (& +k,0) Z —a,,k (26)
A=—00 f:—fk]
with
— (—1y—k ~ gk N n
ape = (—1) ;;a (j)(j_k) for £ > | 7
or

an = (-1)“-"( Z )cx"""U(k) for £<1. (28)

The solution is expressed in terms of the initial or boundary conditions given by ¢(§ + £, 0).
This condition is implicitly understood to be zero for §4+& < 0, imposing an additional lower
bound for the & summation in (27). Positive {negative) k-values account for contributions
to the &-energy from energy loss (gain) collisions. For § < 1, energy-gain collisions do
not contribute. The case when species 3 is not background, but is either non-participating
or has negligible total density, is described by the above equations with oo = 0.

The next examples are relevant to neutron transport. When neutrons move in a medium
the dominant collisions will occur with the atomic nucleus and the interaction potential is
short-ranged. In this case the scattering amplitude is dominated by s-waves and the cross
section is independent of the scattering angle. For the VHP interaction model [8] we can put

o (§2- YY) = 6 /4m (29)
in (21), and get

O /00 + -y = 22 f fioa )Y = Lns + mUw = 91710
+n—:U(v _E)ZE[ fl(u_ﬂ’)dﬂ’. (30}
Now we define & as above, and
T = moyt/e p = morfet
V&) = (0.6 00 = f.v,1) 31)
Jf('s', T) = %fﬁ(r, €Y, ) asy’ .
then
,;uzaw +EQ. Gy = E+1,1) — [e+ UE - DIWE 7) + el — DEE -1, 1),

(32)

Now £2 does not play the role of a parameter any more, but in the space-homogeneous case
an analytical solution can be obtained:

Y, £, 7) = e THVEDIE Ty (6 9, 0)
I f lotUG-DIC—a)/EH [Jr(g +1,T)+aUE - DYE - 1, r’)] dr’.
(33)



Bolizmann equation for inelastic process 2715

The function ¥ is determined by an equation obtained by angular integration of (32):

WE D - -
FP—m— =Y+ LD - e+ UE - DIV E D +eUE - DYE- LD (39
which has a solution similar to that given by (26)—(28). Substituting this solution in (33),
we obtain an explicit expression for the distribution. We observe that velocity anisotropy
is only due to the initial condition.

Now we will study the case in which the particle’s interaction is given by a Maxwellian
model:

vha(v, -2 = (2. ). (35)

This has an energy dependence softer than the VHP model formerly considered. We introduce
the same hypothesis as before, about a background at rest and obtain from (19):

% fvVfi = %3 / vy (€2 - ) £ (v, ) afY

—fi(v)ey [ns%’“ + Uy — e)] +n3U (v —¢) f a(€2 - ) fi (w_ ¥y dS¥’

(36)

where

o = f a2 ) afy. 37
Denoting

Fr v8, 1) = vfi(r, v82, 1) (38)
we have
% +v-V,f=n f a(€2- ) f (0, ) dY — F e, [ns%t +npU(v — e)}

+’LLUU(U —¢) f a @+ ) FfY) afY’ . (39)

For high velocities, v../v & v/u- % | and this equation reduces to (21), and can be solved
for similar cases and with the same procedures.

When no external excitation source acts on the system, the atoms (or nuclei} constituting
the background can only be excited by collisions with the test particles. Then, the species 3
will be much more rarified than species 2 and we can assume #3/n3 & 0. In this case the
right-hand side of (38) contains only two terms and, for neutron transport with isotropic
cross section, we obtain

L0 %1 = na [ 0188 — U@ - St o). 40)

The solution of the space-homogeneous case follows as before. Instead we will consider a
stationary neutron flux in a plane slab bounded by parallel plates r; = constant. In such a
mono-dimensional problem the distribution depends only on ry, 1 = cos(€|, £2) and speed v.
We define & as before and

1
x=amrnfe b =fao)  $lrE) =2 f S @)
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The function q3 is the total number of particles with dimensionless velocity £ per unit volume
around x. For 0 < x < L (L is the dimensionless thickness of the slab) we have

1/2 g (x, &, 1)
n——
ox

£ FUE =~ DY, &, ) =plx, & + 1) (42)

with the boundary conditions

¢{0,8, ) =¢E, ) for >0
¢(L,E,mM=0 for n<0 43)

which prescribes the incoming fluxes impinging on the two sides of the medium (in
particular, no incident flux from the right). Then:

1 gt -
O 7 AR SRy

for n>0

L
¢(I, S‘ }?) = -—giizq f c-(U(f—lJ/&lﬂﬂ)(X—x‘)qs(xf,E -+ l)dxf for n < 0. (44)
X

The meaning of this solution is clear: for y > O the first term gives the attenuation of
the incident flux and the second gives the contribution from the dispersion in the medium.
Meanwhile only the isotropic scattermg brings particles to the negative values of #. The
solution becomes explicit once ¢ has been determined, but, as is well known, integration
of (42) over n does not vield a self-consisteat equation for qb An integral equation for ¢
can be derived from (44) itself:

B(x.8) = 2m f B, e My + f E:(]x,;.l,f ')“(x’.s+1)dx’ 5)

where

I e——x;’y
Ei(x) = f dy (46)
0 ¥

denotes an exponential integral function. This equation does not seem to have
a straightforward solution. However, let us suppose that the initial condition is
monochromatic, i.e. ¢, n) = x (M8 — &). During the transport process the inelastic
collisions wilt only populate discrete energies £ = & — &, down to k = [§], where [£]
denotes the largest integer nof greater than &. The corresponding ¢ can be calculated
recurrently:

$rbo— k)= —— (L N gy — ks 1y ar 7
R TC T (ko - )”2¢ T

(k = 1), starting from

1 H
$x, ko) = 27 fo x(mem" dy. 48)

From (44) it is possible to derive the space dependence of the distributions,
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5. Conclusions

We have generalized the formulation of the Boltzmann equation to 2 system of particles
which transfers energy to one internal degree of freedom. For formal simplicity we allowed
for only two internal discrete states, one ground and one excited level, separated by a fixed
energy step. However there is no difficulty in extending the formalism to a multilevel
system, O €ven to continuous spectra.

In the equattons derived we have not included the already known terms for the elastic
channels. These could be added simply to the present equations.

We searched for exact solutions for simple cases, related to the transport of electrons
and neutrons. This is achieved by suitable hypothesis on mass ratios and cross sections
for the considered particles. This allows us to find some of these solutions for the space-
homogeneous and the stationary cases.
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